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by
M., M. Schiffer

In many problems of applied mathematics one has to solve
oundary value problem for an elliptic partial differential

St

equation for the exterior D of a surface S while the correspond-

ing solution for the interior D of S is trivially known.

Example: Let S be the surface of a body immersed into 3 steady
lrrotational flow in the x-direction of an incompressible fluid,

P=%X-¢ where @ is a regular
harmonic function in D with the normal derivative 2

The velocity potential has the form

= w§~on S
One asks, in particular, for the virtual mass in the x-direction
of the body, defined as W mqur  1)2

value problem with respect to D would yileld @=x, The purpose
of the paper is to show how the knowledge of the interior
solution
We introduce the linear function spaces S > of functions
narmonic in the closure of D and'B and define the scalar pro-

ducts for any two functions «, 3 ¢

dT . The same boundary

helps To solve the exterior nroblem.

It canbe shown that for
°r with the boundary solutions



The first inequality yields lower bounds {for the Dirichlet

NS

integral with the unknown function in terms of the known

solution o and an arbitrary test function /3 . The second in-

o’

equality gives an analogous éestimate for A&

US1Ng nNow

the test function. Both inequalities may be used to establish
a Rayleigh-Ritz procedure for solving Neumann or Dirichlet

boundary value problems for D,
Specilalization of the above inequalities leads to

Both inequallties become equalities for a set of functlions

which are complete in > and are closely related to
the Poincaré-Fredholm eigen fUDCthﬁm of the surface S,
The general result can be applied to prove the following

conjecture of Polya: Let W_ = m(w +W_+W_) denote the average

virtual mass of a body; then W E%avgahere V is the volume of
the body.

Ags a side result of the proof we obtain the theorem:

The lowest non-trivial positive eigen value of the Poincaré-
Fredholm integral equation for every surface S is less or
equal to 3.

Lgquallty holds in the case of the sphere. The theorem
allows an appreciation of the convergence of the series
solution for the integral equation solving the boundary va ue
problems of potential theory. :

Extension of the method to more general elliptic differ-
ential egquations is obvious.




Singular solutions of the Neumann problem

1"”C> which uatisfles7>F

& e n
nded regular surface S has a unique solution.

i

-1(3).

A regular surface S has in every point a tangent plane, and
curvatures are everywhere continuous.
The proble:

1s: What happens 1if the surface S degenerates
into the two sides of a finite region of the

X,y plane?

ple example consider the segment mﬂu:xsf+1 in the (x,y)

Solution isqe}cplic:l.tly (regular SO}_L}).‘{”].OD)

= wh (% )GP(X +0)dx ”‘gﬁ (X)G (x,-0)dx.

Obviously Green's function can be added, if we take P either
in +1 and -1, Moreover any derivative of GP in tangential
direction with respect to P on the segment (P—> A

3 .

Utheoryﬁ

y potential of distupbance f'low

edge .
regular sopolution for

7 gives no 1ift,

Jd a singular potential, which must be integrable. This cor-
responds to a pressure dipole at the leading edge.
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it possible to derive tThe singular solutions for this

degenerated surface as limiting case of a regular surface S7%
Suppose the equation ol o 13

where g(x,y) >0 in a bounded region of the (x,y) plane.
=0 18 the edge of the wing. -
e £ ‘3 2 = thickness distribution,

= mean surface,
Normal vector is

(Efxﬁ 5fy“’1) + ““F(x.sg O)
We derive an expression for the normal vector n in terms
of ~-distributions. Congider a "test vector
the flux ﬁ“

i

(v.n)as .

v
-

Three regions: Upper su Lower surface Sms edge

0O%gse”,
Contribution of surface regions to @

For the edge introduce local coordinates., s along the con-
tour g=0, ¥ normal to contour and G along a normal cross

section.,
In this plane the flux is

\




and,

Formations

in additlon to the contribution of ¥  on the surface an

 ;
be Iinterpreted as a dipole by some trans-
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where the ''phaseg” S, are given,

A = tg LT £or 511
K > 2

Then the expansion problem (2) is explicitly soluble. The

convergence of (2) is generally of subt

- _kmﬂ+w1 % . .
0, =0 ). 11, however,

In the special case g=0 we have

K 4

larmonic order

(tg flx)dx = 0 ;

,,

the convergenceis of hyperharmonic order, bkwo(k L
The problem (1) has for o=0 a solution which is uniform-

ly bounded in the given region, The First partial derivatives
< at (0,0) and finite at (7c,0).
kmv+0(kmz) fow kuwwwﬁ

ffor @kmw

are 1nfinite of order
In the case g#£0 wec have 6
means of the solution of (2)

the expansion (2) can
be reduced to an ordinary integral eguation of the PFredholm
pbe drawn as for

a=0. In particular (3) should be replaced by
»TC

-m(x)f(x)dx = O (4;
O

i3 determined by

type. In this case similar conclusions can

where




